We are interested in the following singular boundary value problem:
Introduction
We are concerned with the second order nonlocal boundary value problem: 
⎧ ⎪ ⎨ ⎪ ⎩ u (t) + μw(t)f u(t)
=∈ L  [, ] ∩ C(, ), where (s) = s( -s), s ∈ [, ]. (A) f ∈ C([, +∞), [, +∞)) and f (s) >  for s > . (A) f  = f ∞ = , where f  = lim u→ + f (u) u and f ∞ = lim u→∞ f (u) u .
They obtained the following main result:
and
for some ρ * > . Moreover, there exists μ * ≥ ρ * >  such that (.) has at least two positive
Here, is the closure of the set of positive solutions of (.
, and the component of a set M is a maximal connected subset of M.
A natural problem arises: How can we consider the global structure of positive solutions for the case f  = f ∞ = ∞?
In this paper, we first obtain the global structure of positive solutions by the use of global continuous theorem, and some a priori estimates. Applying the analysis technique, we http://www.boundaryvalueproblems.com/content/2012/1/72 construct the lower and upper solutions. Those combined with the fixed point index theory, the existence, multiplicity and nonexistence of positive solutions to (.) in the case f  = f ∞ = ∞ are investigated. Finally, we discuss the interval of parameter μ such that the problem (.) has positive solutions. The proof of the method which is based on the construction of some bounds of the solution together with global continuous theorem and fixed point index is of independent interest, and is different from the other papers.
This paper is arranged as follows. We will give some hypotheses and lemmas in Section . In Section , new criteria of the existence, multiplicity and nonexistence of a positive solution are obtained. Moreover, an example is given to illustrate our result.
Preliminaries and lemmas
Let X denote the Banach space C[, ] with the maximum norm
Throughout this paper, we suppose that the following conditions hold:
) and w may be singular at t =  and/or , satisfying
Remark . It is easy to see from (H) that G(s) ≤ [A() -A()]G(s, s)
. Therefore, if we assume that  <
Define an operator T : K → X as follows:
Assume that the conditions (H)-(H) hold, then it is easy to verify that T : K → K is well defined and completely continuous.
Lemma . ([] Global continuation theorem) Let X be a Banach space and let K be an order cone in X.
Consider the equation
where μ ∈ R + = [, ∞) and u ∈ X. Suppose that T :
Remark . () We note that u is a positive solution of the problem (.) if and only if
that there exists an unbounded continuum L emanating from (, θ ) in the closure of the set of positive solutions (.) in R + × K .
Lemma . ([]) Let X be a Banach space, K an order cone in X and S an open bounded set in X with θ ∈ S. Suppose that T : S ∩ K → K is a completely continuous operator. If Ty = λy, for all y ∈ ∂S ∩ K and all
λ ≥ , then i(T, S ∩ K, K) = .
Main results

Lemma . Let (H)-(H) hold and let
Then there exists a constant Q J >  such that for all μ ∈ J and all possible positive solutions u μ of (.), the inequality u μ < Q J holds.
Proof Suppose on the contrary that there exist a sequence {μ n } ⊂ J and a sequence {u μ n } of the positive solutions of (.) corresponding to μ n such that
Denote u n := u μ n . From the concavity of u n , it follows that
Then we find from (H) that there exists a constant R >  such that
Since lim n→∞ u n = ∞, we get This, together with (.) and (.), implies
]. Hence, we know from (.) that
On the other hand, multiplying (.) by ψ and integrating by parts, we obtain that
This is a contradiction.
Lemma . Assume that the hypotheses (H)-(H) hold. Then there exists ρ >  such that if the problem (.) has a positive solution for parameter μ, then μ ≤ ρ.
Proof Let u be a positive solution of (.) corresponding to μ. From the hypotheses (H) and (H), it follows that there exists >  such that f (u) ≥ u for all u > . Consequently, we have
Let λ  be the first eigenvalue of
and let ϕ  be the positive eigenfunction corresponding to λ  (see [] ). It is easy to see that ϕ  () ≤ . Multiplying (.) by ϕ  and integrating by parts, we get that
This completes the proof.
Lemma . Assume that (H)-(H) hold. Then we have
Proof Suppose this fails, that is, there exists
where M  is a positive constant. Since (μ, u μ ) ∈ L, we get that for all t ∈ [, ]
where
Hence, we find that
Thus, it implies that μ . This is contradiction. From Lemma . and Remark ., we can find that there exists an unbounded continuum L emanating from (, θ ) in the closure of the set of positive solutions in R + × K and T(, u) = θ for all u ∈ K . Meanwhile, Lemma . and Lemma . respectively imply that u μ is bounded (μ > , μ ) and unbounded (μ > , μ →  and u μ ≥ ). Therefore, we conclude that the set of (.) is nonempty. Those combined with Lemma . follows that μ  >  is well defined and μ  ∈ (, ρ]. From the definition of μ  , it is easy to see that the problem (.) has at least two positive solutions for μ ∈ (, μ  ). Again, since the continuum is a compact connected set and T is a completely continuous operator, the problem (.) has at least one positive solution at μ = μ  . Next, we only show that the problem (.) has no positive solution for any μ > μ  . Suppose on the contrary that there exists some μ  (> μ  ) such that the problem (.) has a positive solution u  corresponding to μ  . Then we will prove that the problem (.) has at least two positive solutions for any μ ∈ [μ  , μ  ) which contradicts the definition of (.).
Theorem . Assume that the conditions (H)-(H) hold and
For the sake of obtaining the contradiction, we divide the proof into four steps.
Step . Constructing a modified boundary value problem. Choose arbitrarily a constant μ ∈ [μ  , μ  ). Since f is uniformly continuous on [, u  + ], there exists a constant σ >  such that
Denote ζ (t) := u  (t) + σ , for t ∈ [, ]. Then we claim that
Indeed, using (.), we have
. Now, we construct the modified second-order boundary value problem:
where ξ : R → R + is defined by
Step . We will show that if u is a positive solution of (.), then u ∈ S ∩ K . Let u be a positive solution of (.), then we claim that
Suppose this fails, that is, u / ∈ S ∩ K . Clearly, we only show that u(t) ≮ ζ (t), for t ∈ (, ]. Comparing the boundary conditions (.) and (.), the only following three cases need to be considered. Case I. There exists t  ∈ (, ) such that u(t  ) = ζ (t  ) and  < u(t) < ζ (t), for t ∈ (t  -σ  , t  ) ∪ (t  , t  + σ  ) and some σ  > ; Case II. There exists t  ∈ (, ] such that u(t  ) = ζ (t  ) and Since f is uniformly continuous on
From the assumption of Case I, it follows that there exists a subinterval [r, s]
and (u -ζ ) (r) >  and (u -ζ ) (s) < .
This together with (.) and (.) leads to
This is a contradiction. http://www.boundaryvalueproblems.com/content/2012/1/72
Obviously, we have x (t  ) ≥ . From (.), it implies that x (t) > , for any t ∈ (t  , ]. Hence, the function x(t) is strictly increasing in [t  , ]. From (.) and the boundary condition (.), we find
We obtain a contradiction. In particular, if t  = , then we obtain
This contradicts (.). Case III. Since ξ (u(t)) = ζ (t), for t ∈ (t  , t  ), we have that (u(t) -ζ (t)) > , for t ∈ (t  , t  ). Again since (u -ζ )(t  ) = (u -ζ )(t  ) = , we know from the maximum principle that u(t) < ζ (t), for t ∈ (t  , t  ). This contradicts the assumption of Case III.
Therefore, we conclude that the claim (.) holds.
Step
Then T μ : K → K is completely continuous and u is a positive solution of (.) if and only if u = T μ (u) on K . From the definition of ξ (u(t)), it implies that there exists R  >  such that T μ u < R  , for all u ∈ K . Consequently, we get from Lemma . that
where B R  = {u ∈ X : u < R  }. Applying the conclusion of Step  and the excision property of fixed point index, we find that
Step . We conclude that the problem (.) has at least two positive solutions corresponding to μ. http://www.boundaryvalueproblems.com/content/2012/1/72
Since the problem (.) is equivalent to the problem (.) on S ∩ K , we get that the problem (.) has a positive solution in S ∩ K . Without loss of generality, we may suppose that T has no fixed point on ∂S ∩ K (otherwise the proof is completed). Then i(T, S ∩ K, K) is well defined and (.) implies
On the other hand, from Lemma ., we choose μ * > ρ such that the problem (.) has no positive solution in K . By a priori estimate in J = [μ, μ * ], there exists R  (> R  ) >  such that for all possible positive solutions u λ of (.) with λ ∈ [μ, μ * ], we know that
Then it is easy to verify that G is completely continuous on
From the property of homotopy invariance, it follows that
Hence, by the additivity property and (.), we have
Then we conclude that the problem (.) has at least two positive solutions corresponding to μ.
Remark . (i) From the hypotheses (H) and (H), it implies that there exists
- , the problem (.) has at least two positive solutions u  (t) and u  (t) such that  < u  < L < u  by the use of compression of conical shells in [, Corollary .]. Consequently, we know that
(ii) If u is a positive solution of the equation (.) corresponding to μ, then we have Then the boundary condition of (.) reduces to the m-point boundary condition of (.). Applying the method of Theorem ., we get the conclusion. 
